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In  this  paper  we  study  L  stability  for  weak  solutions  of  the  Navler- 
Stokes  system  of  equations  (1),  In  the  whole  space  R  •  We  assume  that  It  Is 
given  a  weak  solution  v  satisfying  certain  hypotheses  (essentially 
▼  €  L^^^  ^(0;  +•;  tP),  p  >  3)  and  we  prove  that/  to  an  arbitrarily  large 
perturbation  of  his  Initial  velocity/  It  corresponds  a  weak  solution  u  such 
that  the  L  -norm  lu(t)  -  v(t) I  converges  to  sero  as  time  t  tends  to 
Infinity. 
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We  consider  the  notion  of  a  viscous  fluid  filling  the  whole  space  K  , 
governed  by  the  classical  Navier-Stokes  equations  (1).  Existence  of  global 
(in  time)  regular  solutions  for  that  systan  of  non-linear  partial  differential 
equations  is  still  an  open  problem.  Up  to  now,  the  only  available  global 
existence  theorem  (other  than  for  sufficiently  small  initial  data)  is  that  of 
weak  (turbulent)  solutions.  From  both  the  mathematical  and  the  physical  point 
of  view,  an  interesting  property  is  the  stability  of  such  we^dc  solutions.  We 
assxime  that  v(t,x)  is  a  solution,  with  initial  datum  Vq(x).  We  suppose 
that  the  initial  datum  is  perturbed  and  consider  one  weak  solution  u 
corresponding  to  the  new  initial  velocity*  Then  we  prove  that,  due  to 
viscosity,  the  perturbed  weak  solution  u  approaches  in  a  suitable  norm  the 
unperturbed  one,  as  time  goes  to  without  smallness  assumptions  on  the 

initial  perturbation. 
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t?  STABILITY  FOR  WBAK  SOLUTIONS  OF  THB 
NAVIBRrSTOns  IQDATIONS  IN 

Faolo  S«eehl* 

Intgodttctlon 

Consider  ths  Inlttsl  vslus  problsa  for  ths  non-statlonary  Navlsr-Stokes  aquations  in 
tha  whola  spaca  R^ 


u*  *  (u»7)u  -  4u  +  7^  “  ^ 

in  Qj,  -  ]0,T[x«^  , 

div  u  •  0 

in  Q,  , 

(1) 

tt|t-0  “  "0 

in  1^  , 

lim  u(t,x)  -  0 

for  t  e  ]0,T[  , 

l*h- 

where 

T  e  ]0,+»],  u'  -  and  (u*7)u  ■ 

3 

y 

1-1 

dtt 

Here  u  and 

raspactivaly,  tha  unknown  walooity  and  prassurai  moreovar,  tha  given  initial  velocity 
Uq  satifias  div  uq  >  0  in 

Ha  denote  by  tP  •  jP  ) ,  1  <  p  <  *,  tha  usxial  Lebasgua  apace  of  -valued 

functions  on  ^  and  by  its  norni  tha  L^-nom  is  simply  denoted  by  I*!*  Denote 

by  >  H^(R^)  tha  L^-Sobolav  apace  of  order  1  and  by  tha  dual  space  of  h\ 

Let  be  tha  sat  of  all  smooth  functions  f  with  compact  support  in  R^  such  that 

2  1 

div  V  ■  0.  we  denote  by  H  the  L  -closure  of  and  by  V  tha  H  -closure  of  . 

m  2 

By  a  weak  solution  of  problem  (1)  wa  mean  a  vector  u  e  L  (OrTiH)  H  L  (0,Tr  V), 

for  all  T  >  0,  such  that 
T 

/  /  lu*v'  +  (u*V)f«u  +  u»if  +  f'fldxdt  “  -  J  “o’lt^O**  ' 
for  every  regular  divergenoe  free  vector  field  f(t,x),  with  compact  support  with  respect 
to  the  space  variables  and  such  that  v(T,x)  »  0.  nie  weak  solution  u  is  also  assumed 
to  satisfy  the  following  energy  inequalityi 
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2  t  ,  t 

lu(t)l'  +  2  /  IVul  d«  <  Itt.l  +  2  /  /  f*u  dxda  , 
0  "  0 


for  all  t  >  0.' 


In  [2] ,  Caffaralli-Kohn-Mlranbarg  oonatruct  tha  so-called  aaltable  weak  solutions  of 
(1)  by  the  Method  of  retarded  solltflcatlon.  They  consider  approxiaate  solutions  U||,  M  ■ 


1(2,  such  that 


in  r  , 


div  u^  “  0  j  ip  » 

'*H|t-0  “  “0  ’  » 

irtiere  *  certain  retarded  Mollification  of  u^  (t  [2]),  u^  e  H, 

2  -1 

f  e  L  (0,T>B  ).  They  prove  that  there  exists  a  subsequence  u^,  which  converges  in 

X  (0,T))  to  a  weak  solution  of  (1). 

A  simpler  construction  of  a  suitable  weak  solution  is  the  one  of  Beirao  da  Veiga  [1], 


Made  by  considering  the  approximate  problem 

I  2 

u  +  (u  ‘Vju  +  eA  u  -  Au  +  7p  •  f 
e  e  £  c  £  €  e 


div  Ug  ”  0 


“elt-O  “  '*0,e 


in  Qj, 
in  Op 


in  , 


where  u„  ,  e  O  V  »  u„  _  ♦  u„  in  as  e  ♦  0,  f  c  L*(0,T»L*)  and 

l|p£  U^£U  £ 

f^  +  f  in  L^(0,TfH"’)  as  c  ♦  0. 

2 

This  paper  deals  with  the  asya^totic  stability  in  L  of  weak  solutions  of  problem 

(1 ) ,  with  respect  to  perturbations  of  the  initial  data .  I«t  v^  e  H  and 
1  -12  —1 

f  €  t  <0,+»iH  )  n  l.  ).  Assume  that  to  Vq  and  f  it  corresponds  a  sequence 

of  approximate  solutlonn>  constructed  as  in  (1]  or  in  [2],  weakly  convergent  in 


^^^For  more  informations  about  the  weak  solutions  of  the  Navier-Stokes  equations,  see 
13),  [5),  t61,  [8). 


p  >  3,  to  »  w«ak  aoltttlon  w.  Since  v  c  L^^^^(0,+<»>L®) ,  it  le  the 
unique  week  aolutlon  of  (1)  (see  [81). 

He  prove  the  following  eteblllty  reeultt 

Theorea  A.  heeuee  thet  the  above  condltlone  hold  end  let  Uq  e  H.  Then  there  exlete  e 
weak  solution  u  of  problea  (1),  corresponding  to  the  Initial  velocity  Ug  and  the  sane 
external  force  t,  such  that 

(3)  lu(t)  -  v{t)l  ♦0  as  t  + 

We  prove  theorem  A  for  the  weak  solutions  constructed  In  [1]  and  In  [2].  Thxis  we  show 
that  such  solutlonst  whatever  be  the  Initial  velocity  In  H,  converges,  as  t  goes  to 
Infinity,  to  the  given  aolutlon  v.  Our  proof  Is  Inspired  by  the  method  of  Schonbek  [7] 
and  Kajlklya-Mlyakawa  [4]  for  the  study  of  the  asymptotic  behaviour  of  the  weak  solutions 
of  (1). 

In  what  follows  C  denotes  various  constants  depending  at  most  on  p  and  the  data 

Proof  of  theorem  A 

The  hypotheses  on  Ug  and  f  assure  the  existence  of  a  global  weak  solution  u 
(see  [tl,  (21).  We  start  by  showing  a  formal  proof  of  property  (3). 

Let  (u,p^),  (v,p2)  be  two  solutions  corresponding  to  (ug,f),  (Vg,f)  respectively. 
Then  the  difference  w  -  u  -  v  satisfies  the  system 


(4) 

w'  +  (u»7)w  +  (w*V)v  -  dw  +  V»  "  0 

in 

fir 

9 

div  w  •  0 

in 

Op 

9 

''It-O  *  ’*0 

in 

9 

where 

”  ”  "  Pj*  "o  "  '*0  ”  Multiply  equation 

(4)  by 

w 

and  Integrate  over  R^. 

Since  u,  V,  w  are  divergence  free,  by  Integrating  by  parts  we  obtain 
(5)  j  ^  Iwl^  +  IVwl^  “  /  (w»7)w»v  . 


-3- 


Considar  th«  t«ni  on  th*  right.  By  HBld«r'a  Inaiiuallty  «•  gat 


1/  (wV)wv|  <  Iwi  iVwllvl  , 
r  p 


•'*  1. 


i 

.**'i 

t  M 


i 


ahare  j  ■*■  p  “  5  •  ®y  intarpolatlon  %m  have 
Iwl^  <  C  I 

hanca,  froat  (6),  «m  gat 

I  /  (w*V)w»vl  <  C 

^  '  P 

By  Introdaclng  thla  laat  Inaquality  in  (S)  and  by  uaing  tha  Young'a  inagaalityt  ona 
obtaina 

-2e 

(7)  -3^  +  ITwl^  <  C  Iwl^lvl  . 

ct,  p 

Conaidar  now  tha  Fouriar  tranafom  w  oC  w.  Applying  Planeharal'a  thaoran  to  (7)  givaa 

_2e 

(8)  ^  +  /ICI^jwl^dC  <  C  Iwl^lvlp'^^  . 

Wa  now  docam>oaa  tha  fraquancy  doaiain  into  two  tina-dapandant  aubdoauina.  Lat  8(t)  ba 
tha  aphara  in  11^  cantarad  at  tha  origin  with  radiua  r(t)  ■  (oi/(t  a  >  1.  Wa 


/Ul’lil^d?-/  Ul'l^l^dc^/  Je|"Nl*dc> 

S(t)  8(t)® 


S(t)® 


Than  froB  (8)  wa  obtain 


(9)  ^  iCl^  +  ^  Iwl*  t+T  ^  1*1  ^  Iwl^lvl  ^  . 

S(t)  ^ 

Now,  in  ordar  to  aatimata  tha  firat  tani  on  tha  ri^t-hand  aida,  wa  procaad  aa  in  [7]  by 
conaidaring  tha  Fouriar  tranaform  of  aquation  (4)t 

(10)  w*  +  -  G(C,t), 

whara  6(C,t)  ■  -  ((u*V)w)  -  <(w»V)v)  -  iCw  . 


ni«  solution  of  (10)  Is  givsn  ^ 


w{C,t)  -  ‘*"*’c(C,s)<Js  , 


so  ws  havs 


|C(5,t)l^  <  2s"^l^l  ^li-(C)|^  ♦  2t  /  ‘^■•’|G(C,s)|^ds  . 


We  estliute  the  single  tenu  of  G(C>t)« 

By  Integrating  by  parts  and  since  u  is  divergence  free,  we  have 


|((u*7)w)  I  -  I  /  J  -T—  {tt.w)e“*'^**dx|  - 
.3  1-1  ^ 


1/  I  u.wC.e“^^‘*dxi  <  Ullullwl 
.3  j-1  ’  ^ 


In  a  sisilar  way  we  obtain 

l((wV)v)*|  <  Ullvllwl  . 

In  order  to  estiaate  the  pressure  term  in  G(C,t),  taXe  the  divergence  of  equation  (4)t 

3  j2 

J  ,  1^‘Vj  *  Vj»  • 

*  *  J 

Taking  tha  Fouriar  tranafon  of  (12)  givaa 


i,j-i  ^  ^  ^  ^  ^  ’ 


tram  which  one  obtains 


|v|  <  (lul  *  IvDIwI 


nien  we  have 


|G(5,t)l  <  2U|(lu(t)l  *  lv(t)l)lw(t)l  , 
<  4|c|(lu(t)l^  +  •v{t)l^)  , 


where  we  have  used 


'■'Vl' 
N*^  f' 

■  r’‘ 


M 

m 

c 

f'-  /'I 


‘■4»| 

.*V; 


I 


lw(t)l  <  lu(t)l  *  lv(t)l.  Froa  the  energy  inequality  (2)  we  have 


lu(t)l^  +  lv(t) 1^  <  C 


»t  >  0  , 


whertt  the  constant  C  la  an  Increasing  function  of  the  L^-norms  of  Uq,Vq  and  of  the 
1-1  2  *1 

L  (0,4'«»|H  )  and  L  (Of'HiiH  )-*noms  of  fe  Thus,  fron  (13),  we  get 

(14)  !G(c,t)|  <  c|el  vt  >  0  . 

Introducing  (14)  in  (11)  and  a  direct  calculation  of  the  integral  yield 
|C(e,t)|^  <  2  e’^l^l  *'|Cjj(5)t^  +  Ctd  -  e‘^l^l  ^) 


<  2  e"^l^l  ^|wo(5)l^  +  Ct  . 


Thus  the  first  term  in  the  right-hand  side  of  (9)  is  estimated  as  follows i 


rh-/  I«|V  e-^l«l"'^|;„|^d5  /  de 


<  rl\  +  C  (t  +  1)"^/^  , 


and  fron  (9)  we  obtain 


d  *  2 


^  .  c. » „-='‘  - 

R 

2p 


'  2  d-3 

+  Clwl  Ivl  ^ 

n 


Multiplying  by  the  integrating  factor  (t  +  1)  gives 


4 

■:5 


I 


f 

/.'j! 


f(t  +  1)®lCl^]  <  2a<t  +  1)®"V 


+  C(t  +  1)®"^^*  +  Cn(t  ♦  1)®lwl^lVl  . 

0  P 


Via  tha  GTonwall  Inaquallty  we  thus  obtain 


(t  +  1)®lwl^  <  J(v)IWgl^  +  2aJ(w)  /  (T  +  1)“"^  /  ^|wjj|^d5dT 


+  CJ(v)(t  +  1) 


where  J(v)  ~  eiq) 


Finally  we  have 


— ^3 

(C.  /  lv{a)  I  **  de)  <  «. 


;i6)  Iwl*  <  J(v)(t  +  ■*■  2<*J<v){t  +  1)"®  /  (T+1)®"’  /  ^|w J^dCdt  + 


CJ(v)(t  ♦  1)“^''^  . 


The  first  and  third  tern  clearly  converge  to  taro  as  t  *  The  same  Is  easily  proved 

for  the  second  term  by  applying  the  I'Hopltal  and  Lebesgue  theorems  and  using  the  fact 

*  2 
that  Wjj  €  L  . 

The  same  behavior  can  be  proved  for  the  weak  solutions  constructed  in  [1]  and  [2]. 

In  fact,  proceeding  as  above,  one  can  prove  Inequality  (16)  for  the  approximate  solutions 
of  [1]  and  [2].  Then,  by  passing  to  the  limit,  one  obtains  (16)  for  such  weak  solutions, 
from  which  one  has  the  behavior  at  t  +  •»  (for  more  detail  see  14),  [7]). 
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